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Convexity:and Convex Optimizatior

. Optimization Is crucial for most machine
learning problems.

- Objective function can vary: score,
likelihood, probabillity. Goal is to find an
extremumof this function.

- If the function Is convex, any local
extremumis a globaextremum

- Convexity allows efficient algorithms to
find such arextremumeven when the
problem might be complex




Convexity:and Convex Optimizatior
. Convex Functions:
F(/x+ 6%) ¢ .f(x) +(x) /

. Convex Sets
"x,% K, '0 & 1¢/x &k @
. Convex Optimization

min; . T (X)
Bunconstrained iK Is everything.
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Convexity:and/Machine: Learnin

. Some important and successful ML
problems turn out to be convex
BSupportvector machines
BKernel machines

BOne step of EM learning procedure




What about discrete optimization?

- Letk now be a set of n objects, afr(d) a
function that maps from subsets gf  to the
reals We wish to solve the following problem:

S =argmin f (S)
A ES K
. The problem seems hopelessly intractable
because there arel2-2 possibilities, so naive
SYdzYSNY GA2Y 62y Qi 62N
. This however captures many useful problems |
speech: word clustering, structure learning, un
selection, language model selection, etc.

. A tractable solution is desirable.




Submodularity

. Submodularity is like a discrete form of
convexity

- It formalizes the notion of diminishing
returns.

- It characterizes many useful functions, suc
as entropy, mutualnformation, and graph
Cuts.

. Some new machine learning procedures
can arise when considering their potential
submodularity.




Submodularity Defined

. Consider functiorf : 2¢ - R defined c
all subsets oK

. Note, this is a function well defined on all
subsets of some underlying skt

. Function is said to beubmodulanf for all
subsetsA, BI K, we have

T(A+1(B) 21(A § KA F




Submodularity

. Function is §aid to beubmodulanf for all
subsetsA, Bl K , we have

t(A+1(B) 21(A § KA F
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Submodularity

. Submodularity captures the notions of
diminishing returns which can serve as i
definition:

BThe more you have, something new can hav
only potentially less value.

ForallAl BEK andfdrK -B
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Submodularity

. Which definition to use?

1. f(A+f(B) 2f(A ® #KA B
2. T(AG{%) -( A A B{& (-)B

The first Is more useful mathematically,
but the second I1s more intuitive.




- The set cardinality function is trivially
submodaular.

- Note that In this case, we always have
equality in:

T(A+1(B) 21(A § KA B




