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1. Submodularity 

1. Definition of Submodularity

2. Examples of Submodularity

3. Example of Submodularity in machine 
learning: bi-partite graph clustering, applied 
to words to improve language models.
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Convexity and Convex Optimization

·Optimization is crucial for most machine 
learning problems.

·Objective function can vary: score, 
likelihood, probability. Goal is to find an 
extremumof this function.

·If the function is convex, any local 
extremumis a global extremum.

·Convexity allows efficient algorithms to 
find such an extremumeven when the 
problem might be complex
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Convexity and Convex Optimization

·Convex Functions: 

·Convex Sets

·Convex Optimization

Ɓunconstrained if     is everything.

ƁConstraints on     lead to (LP, QP, SDP).
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Convexity and Machine Learning

·Some important and successful ML 
problems turn out to be convex

ƁSupport-vector machines

ƁKernel machines

ƁOne step of EM learning procedure
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What about discrete optimization?

·Let       now be a set of n objects, and           a 
function that maps from subsets of      to the 
reals. We wish to solve the following problem:

·The problem seems hopelessly intractable 
because there are 2|V|-2 possibilities, so naïve 
ŜƴǳƳŜǊŀǘƛƻƴ ǿƻƴΩǘ ǿƻǊƪΦ

·This however captures many useful problems in 
speech: word clustering, structure learning, unit 
selection, language model selection, etc.

·A tractable solution is desirable.
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Submodularity

·Submodularity is like a discrete form of 
convexity

·It formalizes the notion of diminishing 
returns.

·It characterizes many useful functions, such 
as entropy, mutual-information, and graph 
cuts.

·Some new machine learning procedures 
can arise when considering their potential 
submodularity.
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Submodularity Defined
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·Consider function                       defined on 
all subsets of

·Note, this is a function well defined on all 
subsets of some underlying set 

·Function is said to be submodularif for all 
subsets                  , we have
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Submodularity
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Submodularity
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·Submodularity captures the notions of 
diminishing returns which can serve as its 
definition:

ƁThe more you have, something new can have 
only potentially less value.

·For all                      and for  
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Submodularity
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·Which definition to use?

1.

2.

· The first is more useful mathematically, 
but the second is more intuitive.
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Example of Submodularity

·The set cardinality function is trivially 
submodular.

·Note that in this case, we always have 
equality in:
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